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The fluid dynamics of nematics is discussed in terms of an approach based upon Rayleigh's 
dissipation function. In this way the derivation of the equations of motion becomes quite 
transparent. 

1. Introduction 

The fluid dynamics of nematics has been widely 
discussed. The most general derivat ion of the con-
stitutive laws has been given by Hess [1], His 
treatment contains both the Ericksen-Leslie-Parodi 
approach and the Harvard approach , which are 
extensively discussed in the review article by 
Stephen and Straley [2] and the book by de Gennes 
[3]. The purpose of this paper is to discuss the 
equations of motion for an anisotropic fluid f rom a 
slightly different point of view, namely starting 
f rom Rayleigh's dissipation funct ion. Such an 
approach appears to be qui te t ransparent . 

Macroscopically the nemat ic fluid may be con-
ceived as a cont inuous medium. The Eulerian de-
scription of fluid dynamics represents the state of an 
anisotropic fluid by a velocity field t'(r, /), a pres-
sure field /?(/*,/), a density field g(r, t), an inertial 
tensor field I (r , / ) and a tensor o rder paramete r 
field Q(r, /). Because of the local uniaxiali ty of the 
med ium the tensor elements 7a/? and Q^ß, which 
are due to the anisotropy, are given by 

I%p= I± + - I±) n2np, ( 1 . 1 ) 

Qiß= S(nxnß-jöyß), (1.2) 

where S denotes the order parameter of the nemat ic 
and ny, is the a-th component of the local director 
n(r,t). 

For reasons of simplicity the fluid is assumed to 
be incompressible, i.e. the density field g(r, t) is 
constant, g(r, t) = g, and ö a r a = 0; repeated indices 
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must be summed, i = .Y, y, z. Viscous f luids are 
described by the Navier-Stokes equa t ion 

Qd,Vz = - d ß ( I J ß x - a ß , ) , (1.3) 

with YJ^ß denoting the m o m e n t u m flux densi ty 
tensor defined by 

n * ß = p d * ß + Qv^vß, (1.4) 

where the contribution of the elastic distort ion is 
neglected because of its smallness, and a*ß the 
viscosity stress tensor, which can be obta ined f rom 
Rayleigh's dissipation funct ion D by means of 

The Navier-Stokes equat ion alone does not 
suffice because of the coupling between the f low 
and the rotational mot ion of the anisotropy. Con-
sequently equat ions of mot ion are needed to de-
scribe the t ime-dependent behav iour of the aniso-
tropy. This means, put t ing 

nx = sin 0(r, /) cos <p(r, t), 

nY = sin 0(r, t) sin <p(r, /), 

n-_ = cos 6{r, t) (1.6) 

that the equations of mot ion for the funct ions (p(r, t) 
and (?(/*, t) are required. The kinetic energy of the 
rotating anisotropy is given by 

T=\ly,ßCOz(Oß, (1.7) 

where o denotes the angular velocity of the rotat ing 
anisotropy, or using the representat ion of w in 
Eulerian angles and neglecting the " sp in" of the 
rotating anisotropy 

T= j I±(<p2 s in2 6 + 62) + y / <p2cos2d. (1.8) 
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Now the equat ions of mot ion read according to 
Lagrange 
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where dD/d() and dD/dcp are generalized frictional 
forces and dFe\/dO and dFe\/dcp generalized elastic 
forces, which arise because of the elastic distort ion 
of the medium. The quant i ty Fe\ denotes the well-
known Frank distortion f ree energy density [4] 

Fe | = \KX (div n)2 + 4 K2(n • rot n)2 

+1 K3(n x rot n) 2 , (1.10) 

where Ki, K2 and are the elastic constants for 
splay, twist and bend respectively. 

Clearly then the equat ions of mot ion are known 
as soon as Rayleigh's dissipat ion funct ion D is 
known. 

2. Rayleigh's Dissipation Function 

The relevant quanti t ies to construct Rayleigh's 
dissipation function are the tensors 3,, i-ß, Qyß and 
Qyß. Instead of Qyß and Qyß, however , the 
simpler tensors iiyiiß and hyiiß may be taken. 
Rayleigh's dissipation funct ion D consists now of all 
possible invariants, which can be constructed f rom 
these tensors, but these invariants must be bi l inear 
in the tensors dy iß and hy riß. It follows directly 
that, in case of an anisotropic incompressible f luid, 
the general expression for Rayleigh's dissipat ion 
function is given by 

D = I >7 a* iß e* vp+y c a* vß dß rx 

+ y C| lly riß dy Vy dß Vy + J Q 2 lly Uß 3;, V y Öy Vß 

+ £3 lly HßdyVx dßVy + T C4 fly, 11ß fly 11$ 3 y Iß 3 y 1$ 

+ C5 hy riß dß Vy + C6 fly 11 ß 3 , Vß + y C7 fly fly. (2. 1 ) 

Then the viscosity stress tensor Oyß reads 

G%ß = ndlVß+ C dßVy+ C| Hy HydyVß+ C2HßHydyVy 

+ C3 IIß lly dyVy+ C3 lly flydßVy (2.2) 
+ c4 lly riß lly ns a , vö+ c5 >iß na + c6 hy np. 

The appearing coefficients are not all independent , 
because D and Oyß must vanish, when the whole 
fluid is in uniform rotation, i.e. when 

dßt>'* = £xiiß(0M> = E*uß °>m nß> (2.3 a, b) 

where coM is the //-th component of the angular 
velocity co and Eyßy is the Levi-Civita tensor, which 
is defined as 

!

1. if ißy = xyz, yz.x, zxy, 

- 1 , if a ßy = zyx,yxz,xzy 

0, otherwise. 

Substitution of (2.3) into (2.1) and (2.2) gives 

D = (rj- c) 0Jy oiy + (y C] + y C2 - £3 + Cs - C6 + y 6 ) 

• (OJy Oiy ~ lly Hß COy COß) = 0 , (2.4 a) 

v-xß = (1 - 0 Sßn* C0M + (Ci _ C3 - Cs) SßMy ny ny coM 

+ ( Z 2 - Q 3 - Ce) Ey»*npny(of l = 0 . (2.4b) 

The Eq. (2.4) imply immediate ly 

> / - c = 0. 

Cs = - Cl + C3 , 

— S 2 — S 3 , 

C,i= + c2 - 2 c 3 , 

(2.5 a) 

(2.5 b) 

(2.5c) 

(2.5d) 

i.e. only five independent coefficients of viscosity 
appear. 

Concluding Rayleigh's dissipation funct ion for an 
incompressible anisotropic fluid reads 

D = \lj(dyVßdyVß+ dyVßdßVy) 

+ y Ci {lly dy Vy - hy) (nß dß vy - hY) 

+ y c2(ny dy Vy + fly) (nß dy Vß + hy) 

+ C3 (lly dy Vy ~ fly) (llß 3;; Vß + fly) 

+ y C4 Hy 11 ß lly lis dy Vß dy V ö , (2.6) 

whereas the associated viscosity stress tensor is 
given by 

0*ß=r}(dyVß+ dßVy) + C| Hy(llydyVß - hß) 

+ C2 llß(lly dy Vy + fly) + C3 Uß^y 3 y V y ~ fly) 

+ C3 Hy(llydßVy+ flß) + Q 4 « a VI ß «y tl S Q y V S . (2.7) 

The viscosity coefficients appear ing in (2.7) can 
be easily expressed in the Leslie coefficients a, 
(/' = 1,2 6) by compar ing the expression (2.7) 



with the Leslie viscosity tensor [5] 

dßvx) + y(a5- a2) nxnYdy vß 

+ y(a6+ a3) «/?«>• 6* rx+y(a6- «3) nßn7 dyv: 

+ j (0C5 + a2) n% y.2 n% hß + nß n* 

+ n^ nß ny ns Ö-. is • 

Then it is found that 

= j ( a 5 - a 2 ) , 

£2 = 1 ( « 6 + «3). 

C3 = i ( ^ 6 - 3(3) = i ( a 5 + y.2), 

C4= 3£l , 

(2.8) 

(2 .9a) 

(2 .9b) 

(2.9c) 

(2 .9d) 

= I a 4 . (2.9 e) 

It follows directly that Leslie 's original a s sumpt ion 
of six independent viscosity coeff ic ients does not 
hold because of the Parodi - re la t ion [6] 

a 6 - 0C3 = a 5 -L - (2.10) 

T h e n u m b e r of viscosity coeff ic ients is reduced 
f rom six to five, because not only the viscosity 
tensor a^ ß must vanish when the whole f luid is in 
uni form rotat ion but the d iss ipat ion energy as well. 
The last r equ i rement reduces the n u m b e r of viscos-
ity coefficients f r o m six to five. 

It should be r emarked here that the coeff ic ients 77, 
c 1 and c2 are closely related with the three pr inc ip le 
viscosity coeff icients in t roduced by Miesowicz [7], 
Using the notat ion of Hel f r ich [8] it appea r s that 

*l\ = r i + Z i , (2.1 

V2=ri+Q2, (2.1 

13 = n- (2-

The general ized fr ict ional forces are given by 

dD 

a) 

b) 

Ic) 

a e = [(Ci + C 2 - 2 c 3 ) fly- (C1 - £3) 

+ (£2- C3) nadyva] 
driy 

(2.12 a) 

dD 
-r— = [(Ci + C 2 - 2 C 3 ) fly - (Ci - C3) n^O^Vy 

d cp 

+ ( c 2 - C3) n 3 S-.t'a] 
Ö fly 

dep 
(2 .12b) 

Usually the appea r ing combina t i ons of c coeff i -
cients are rewri t ten in t e rms of the coef f ien t s y\ and 
y2 def ined by 

11 = Q \ + Q2 - 2 ^ 3 , 

}'2 = C2 ~ Cl • 

(2.13 a) 

(2.13 b) 

It can be easily checked that the genera l ized fric-
tional forces vanish when the whole f luid is in 
un i form rotation. 

Finally three r emarks should be m a d e in view of 
existing approaches. First of all the present approach 
directly relates to the exper imenta l ly obse rvab le 
Miesowicz viscosities. Secondly the fact that the 
director is a unit vector is direct ly t aken ito account . 
In this way the introduction of the so-called "molec-
ular f ield", which has no physical or igin at all, is 
rightly avoided. T h e th i rd r e m a r k concerns Ray-
leigh's dissipat ion funct ion . Th i s func t ion is no th ing 
but half the diss ipat ion energy densi ty , i.e. in tegra-
tion of this func t ion over the vo lume of the system 
results into half the energy d iss ipa t ion T S in an 
isothermal process. 

Note added in proof: During the fifth liquid crystal 
conference of socialist countries (Odessa, USSR, October 
1983) Dr. B. Ya. Zeldovich brought to my notice a pre-
liminary version of his recent work showing quite clearly 
that he arrived, quite independently, at the same con-
clusion, i.e. the Parodi relation can be derived from Ray-
leigh's dissipation function. 
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