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~ The fluid dynamics of nematics is discussed in terms of an approach based upon Rayleigh’s
dissipation function. In this way the derivation of the equations of motion becomes quite

transparent.

1. Introduction

The fluid dynamics of nematics has been widely
discussed. The most general derivation of the con-
stitutive laws has been given by Hess [1]. His
treatment contains both the Ericksen-Leslie-Parodi
approach and the Harvard approach, which are
extensively discussed in the review article by
Stephen and Straley [2] and the book by de Gennes
[3]. The purpose of this paper is to discuss the
equations of motion for an anisotropic fluid from a
slightly different point of view, namely starting
from Rayleigh’s dissipation function. Such an
approach appears to be quite transparent.

Macroscopically the nematic fluid may be con-
ceived as a continuous medium. The Eulerian de-
scription of fluid dynamics represents the state of an
anisotropic fluid by a velocity field v(r, 1), a pres-
sure field p(r, 1), a density field o(r, ), an inertial
tensor field I(r,7) and a tensor order parameter
field Q(r, 1). Because of the local uniaxiality of the
medium the tensor elements /5 and Q,, which
are due to the anisotropy, are given by

(1.1)
(1.2)

where S denotes the order parameter of the nematic
and n, is the a-th component of the local director
n(r,t).

For reasons of simplicity the fluid is assumed to
be incompressible, i.e. the density field o(r, ) is
constant, o(r, 1) = o, and 0,v,=0; repeated indices

Lig=1, 05+ —1,)nyng.

Qx/fz S (ny ngp— %61/3) s

Reprint requests to Prof. Dr. G. Vertogen, Institute of
Theoretical Physics, Catholic University, Toernooiveld,

must be summed, x=x,y,z Viscous fluids are
described by the Navier-Stokes equation

(1.3)

with 71,5 denoting the momentum flux density
tensor defined by
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Il,g=posp+ovyvy, (1.4)

where the contribution of the elastic distortion is
neglected because of its smallness, and o,s the
viscosity stress tensor, which can be obtained from
Rayleigh’s dissipation function D by means of
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The Navier-Stokes equation alone does not
suffice because of the coupling between the flow
and the rotational motion of the anisotropy. Con-
sequently equations of motion are needed to de-
scribe the time-dependent behaviour of the aniso-
tropy. This means, putting

(1.5)

Oxp=

ny=sin 0 (r, t) cos ¢(r, 1),
n,=sin O(r, t) sin p(r, t),
n-=cos 0(r, t)

(1.6)

that the equations of motion for the functions ¢(r, )
and 0(r, t) are required. The kinetic energy of the
rotating anisotropy is given by

(1.7)

where o denotes the angular velocity of the rotating
anisotropy, or using the representation of @ in
Eulerian angles and neglecting the “spin” of the
rotating anisotropy

= %11/; Wy g,
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Now the equations of motion read according to
Lagrange

ia_T _a_T__g_D__aFel (1.9a)
dre\ad) 80 80 06" '

d (oT 0D OF,

A L .. 1.9b
dr(aco) 5 o9 b

where 0D/00 and 0D/d¢ are generalized frictional
forces and 0F/06 and OF,./0¢p generalized elastic
forces, which arise because of the elastic distortion
of the medium. The quantity F, denotes the well-
known Frank distortion free energy density [4]

Fy=1K(divn)’+ 1 Ky(n-rotn)’

+ 1 K3(nxrotn)?, (1.10)

where K;, K> and K3 are the elastic constants for
splay, twist and bend respectively.

Clearly then the equations of motion are known
as soon as Rayleigh’s dissipation function D is
known.

2. Rayleigh’s Dissipation Function

The relevant quantities to construct Rayleigh’s
dissipation function are the tensors 0, vz, Q,5 and
Qsp- Instead of Q,; and Q.4 however, the
simpler tensors n,n; and 7n,nz; may be taken.
Rayleigh’s dissipation function D consists now of all
possible invariants, which can be constructed from
these tensors, but these invariants must be bilinear
in the tensors O, vy and 7, ny. It follows directly
that, in case of an anisotropic incompressible fluid,
the general expression for Rayleigh’s dissipation
function is given by

D=;—}] 611'/;611~/,+lji 6,1'/;6/;1',
+ 2 nynpdyr, 050, +3Enynpd, v, 0,0
+é;n,n/;a-,.z"x@/;1';,.-%%54 Ny NNy, N30, Up0y0s

+ »:5 fII ng a/j Ly <k j(, I"Iz n/,ax l‘/j+ % é-/ f?, 1;11. (21)

Then the viscosity stress tensor 7,4 reads
Oxp=NO0xtp+ E0pry+ Eynyn, 0,05+ Eongn, Oyt
+&ngn, 0,0+ E3nyn, 0pe, (2.2)

+Canyngn.ns0,v5+ Esiigny+ Ce Ay ng.
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The appearing coefficients are not all independent,
because D and g,5 must vanish, when the whole
fluid is in uniform rotation, i.e. when

Opla= Expp Ous Ny= Exyp Wy Np, (2.3a,b)

where ), is the u-th component of the angular
velocity @ and &4, is the Levi-Civita tensor, which
is defined as
1, if affy=xyz,yzx,zxy,
=1,
0, otherwise.

Exfr= if affy=zyx,yxz,xzy

Substitution of (2.3) into (2.1) and (2.2) gives
D=(-& wyoa+ (3&1+5E— &+ Es—Eg+3&9)
(w0 —nyngwy,wp) =0, (2.4a)

Oap= (1= C) epur 0y + (1 = &3 = C5) Epuy Mo 1y O

+ (&= &3—C6) eguanpn, w, = 0. (2.4b)
The Eq. (2.4) imply immediately

n—<c=0, (2.5a)

Es=—&1+ &3 (2.5b)

Ce=E— & (2.5¢)

Sr=¢1+E6— 28, (2.54d)

1.e. only five independent coefficients of viscosity
appear.

Concluding Rayleigh’s dissipation function for an
incompressible anisotropic fluid reads

D :'7)7(81 tpOy g+ 0,0p50p50y)
%L.:l (ny Oy vy, — 1) (npdpr,—n,)

L&y (ny D00+ 1) (ng 0,05+ 1)

3(ny Oy vy — 11y) (Mg O, vp+ 11y)

+
+
+
- (2.6)

whereas the associated viscosity stress tensor is
given by
Gap=N(0yp+ 0pty) + &y ny(n.0,05— 1ip)
+ Eanp(n, 050+ 1y) + E3np(n, 0,0, — 1y)
+ C3ny(n, 0pv,+ nig)+Eanyngn, ngdyvs. (2.7)
The viscosity coefficients appearing in (2.7) can

be easily expressed in the Leslie coefficients x;
(i=1,2,....6) by comparing the expression (2.7)
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with the Leslie viscosity tensor [5]
Oyp= % o4 (Oxvp+ Opry) + % (s —az) nyn, 0,14
eg 5_(16 + o3) ng n;'ai vyt %‘ (16 - 13) hpn, a;‘ Uy

+ %-(15 + ap) nyn, 6/;1~.,+ Ay Ny Rp+ A3 Ng Ry

+ o nyngn,ng 0, 5. (2.8)
Then it is found that

&1=3(as—a2), (2.9a)

Er=1 (o + 13), (2.9b)

&3=13 (s — 23) = 5 (a5 + %), (2.9¢)

Ca=ay, (2.9d)

n=tu. (2.9¢)

It follows directly that Leslie’s original assumption
of six independent viscosity coefficients does not
hold because of the Parodi-relation [6]

(2.10)

The number of viscosity coefficients is reduced
from six to five, because not only the viscosity
tensor o,; must vanish when the whole fluid is in
uniform rotation but the dissipation energy as well.
The last requirement reduces the number of viscos-
ity coefficients from six to five.

It should be remarked here that the coefficients 7,
&) and &, are closely related with the three principle
viscosity coefficients introduced by Miesowicz [7].
Using the notation of Helfrich [8] it appears that

Ag— 3= 0ls+ As.

m=n+<, (2.11a)
m=n+<, (2.11b)
m=1n. (2.11¢)

The generalized frictional forces are given by

oD e S .
@z[(Cl +8=283) A= (§1 = &3) ma On vy

on,
+(&2—¢&3) nxa;'l'xla—é, (2.12a)
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(2.12b)
Usually the appearing combinations of & coeffi-

cients are rewritten in terms of the coeffients y; and
7> defined by

(2.13a)

(2.13b)

It can be easily checked that the generalized fric-
tional forces vanish when the whole fluid is in
uniform rotation.

Finally three remarks should be made in view of
existing approaches. First of all the present approach
directly relates to the experimentally observable
Miesowicz viscosities. Secondly the fact that the
director is a unit vector is directly taken ito account.
In this way the introduction of the so-called “molec-
ular field”, which has no physical origin at all, is
rightly avoided. The third remark concerns Ray-
leigh’s dissipation function. This function is nothing
but half the dissipation energy density, i.e. integra-
tion of this function over the volume of the system
results into half the energy dissipation TS in an
isothermal process.
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